1. Introduction* There are known criteria for a quadratic form to be positive definite, and criteria for a system of linear inequalities to have a solution. In this paper the two problems are shown to be related. The principal theorem is Theorem 5.1.
2, Definitions and Notation* We will consider a quadratic form n Z(x) = Σjaij%i%j, with a υ = a n , 1 and ask whether it is positive in the first orthant, i.e., whether it is positive for non-negative values of the x t .
If Z(x) > 0 for x ^ 0, we call it conditionally definite and if Z(x)> : for x ^ 0, we call it conditionally semi-definite. (Since we will only be concerned with positive definiteness, we will omit the word " positive " throughout the paper.) Finally, if Z(x) ^ 0 when x ^ 0 and Z(x) > 0 when x > 0, we call Z(x) conditionally almost-definite.
As a matter of notation, we recall that Ax > 0 or x > 0 means that at least one component of the vector in question is positive.
In discussing Z{x) we shall have occasion to refer to the form obtained by setting x kl , x ki , , x k equal to zero, that is, the form
We shall call this a principal minor of Z(x) and denote it Z kϊ ... k (x) . In referring to the corresponding matrix, A 10 *"'-** we will assume x has the appropriate number of components when we write A*i-*«#.
3* Quadratic forms in the first orthant. We first prove a theorem which is not strictly necessary but may be some intrinsic interest. It concerns the game whose matrix is A = (a tj ) and whose value is v. We note the fact that, for any u, v,
Thus,
Applying:
Since every principal minor of Z(x) is conditionally difinite, Z(^r) > 0. Since Σfl>t& > 0, ^ = 1, , w, ^(») > 0 and Σ cbi&x'j > 0. Therefore, (α;) > 0 for x > 0 and the sufficiency is proved.
We can state the following theorem, the proof of which is almost identical with the proof of Theorem 3.1. For symmetry we state the foregoing as theorems on systems of linear inequalities. If A* does not intersect the first orthant in any non-zero vector, then A* and the first orthant can be strictly separated by a hyperplane through the origin. One normal to this hyperplane, y, will lie interior to the first orthant.
Thus Ay ^ 0 and since y > 0, Z(y) ^ 0, contrary to the hypothesis that Z(x) is conditionary almost-definite. Thus the theorem is proved.
4, Further development of Section 3. In the five theorems of § 3, it is natural to try to replace the hypotheses concerning the principal minors of Z(x) by some condition relating more directly to linear inequalities.
It is not difficult to verify that a quadratic form in two variables, ax 2 + 2bxy + cy 2 , is conditionally definite if and only if a > 0, c > 0 and either b 2 < ac or b > 0. This is equivalent to the statement that 6 Linear Inequalities* Let B be any m x n matrix and C = BB T . In [1] it was shown that Bx > 0 has solutions if and only if Cy > 0, y ^ 0 does. It can be shown that Bx > 0 has solutions if and only if Cy > 0, y ^ 0 does.
Using these results, plus the foregoing discussion, we can summarize as follows : T. S. Motzkin in [2] has given a condition for a quadratic form to be conditionally semi-definite, the condition involving the signs of various determinants. No other discussion of this question is known to the writer.
